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Abstract. In this paper we give new examples of QCH Ka¨hler surfaces whose
opposite almost Hermitian structure is Hermitian and not locally conformally Ka¨hler.
In this way we give also a large class of examples of Hermitian surfaces with J-
invariant Ricci tensor which are not l.c.k.
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0. Introduction. In our paper [J-2] we have studied QCH semi-symmetric
Ka¨hler surfaces (M, g, J¯) which are ambi-Ka¨hler, i.e., which admit an opposite
locally conformally Ka¨hler Hermitian structure. We gave a classification of such
Ka¨hler semi-symmetric surfaces. The natural question was whether there exist
semi-symmetric Ka¨hler surfaces whose opposite almost Hermitian structure is Her-
mitian and not l.c.k. The aim of the present paper is to give new examples of
semi-symmetric Ka¨hler surfaces (M, g, J¯) foliated by Euclidean spaces. Our ex-
amples admit a Hermitian opposite structure J which satisfies the condition G1
of Gray and which is not locally conformally Ka¨hler. Hermitian surface (M, g, J)
has J-invariant Ricci tensor, the conformal scalar curvature κ of (M, g, J) is equal
to the scalar curvature τ of (M, g), hence the zero defect τ − κ of (M, g, J) is 0.
For these surfaces also ρ∗ = ρ, where ρ∗ is the *-Ricci tensor and ρ is the Ricci
tensor of (M, g, J). In the last part of the paper we also give examples of QCH
Ka¨hler surface (see [J-1]) which are not semi-symmetric and whose opposite almost
Hermitian structure is Hermitian and not locally conformally Ka¨hler. In this way
we give a large class of Hermitian surfaces with J-invariant Ricci tensor such that
J is not l.c.k. In the paper we use some results from [J-4] which we cite here with
proofs for convenience of the reader.
1. Hermitian 4-manifolds. Let (M, g, J) be an almost Hermitian manifold,
i.e., an almost complex structure J is orthogonal with respect to g: g(X,Y ) =
g(JX, JY ) for all X,Y ∈ X(M). We say that (M, g, J) is a Hermitian manifold
if its almost Hermitian structure J is integrable, which means that the Niejenhuse
tensor NJ(X,Y ) vanishes. This is also equivalent to integrability of a complex
distribution T (1,0)M ⊂ TM ⊗ C. Let us write ∧2M = ∧2T ∗M . In the sequel
we shall identify the bundle TM with T ∗M by means of g, so we shall also write
∧2M = ∧2TM . The Hodge star operator ∗ (which depends on the orientation
of M) defines an endomorphism ∗ : ∧2M → ∧2M with ∗2 = id and we denote
by ∧+,∧− its eigensubbundles corresponding to 1,−1 respectively. In the sequel
we shall consider 4-dimensional Hermitian manifolds (M, g, J), which we shall also
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call Hermitian surfaces. Such manifolds are always oriented and we choose an
orientation in such a way that the Ka¨hler form Ω(X,Y ) = g(JX, Y ) is a self-dual
form (i.e., Ω ∈ ∧+M). The vector bundle of self-dual forms admits a decomposition
(1.1) ∧+M = RΩ⊕ LM,
where by LM we denote the bundle of real J-skew invariant 2-forms (i.e., LM =
{Φ ∈ ∧M : Φ(JX, JY ) = −Φ(X,Y )}). The bundle LM is a complex line bundle
overM with the complex structure J defined by (JΦ)(X,Y ) = −Φ(JX, Y ). For a
Hermitian surface the covariant derivative of the Ka¨hler form Ω is locally expressed
by
(1.2) ∇Ω = a⊗ Φ + J a⊗ JΦ,
where J a(X) = −a(JX). The Lee form θ of (M, g, J) is defined by the equality
dΩ = 2θ ∧ Ω. We have 2θ = −δΩ ◦ J . By ρ we denote the Ricci tensor of a
Riemannian manifold (M, g) and by τ the scalar curvature of (M, g), i.e., τ =
trgρ. A Hermitian manifold (M, g, J) is said to have J-invariant Ricci tensor ρ
if ρ(X,Y ) = ρ(JX, JY ) for all X,Y ∈ X(M). An involutive distribution is called
foliation. A foliation D is called totally geodesic if its every leaf is a totally geodesic
submanifold of (M, g), i.e., ∇XY ∈ Γ(D) for every X,Y ∈ Γ(D). A Hermitian 4-
manifold (M, g, J) is said to have an opposite Hermitian structure if it admits an
orthogonal Hermitian structure J¯ with an anti-self-dual Ka¨hler form Ω¯. For any
almost Hermitian four manifold the following formula holds (see [G-H]) :
(1.3)
1
2
(ρ(X,Y ) + ρ(JX, JY ))−
1
2
(ρ∗(X,Y ) + ρ∗(Y,X)) =
1
4
(τ − τ∗)g(X,Y ),
where ρ∗ is the Ricci *-tensor defined by
(1.4) ρ∗(X,Y ) =
1
2
tr {Z → R(X, JY )JZ}.
The curvature tensor is R(X,Y )Z = ([∇X ,∇Y ]−∇[X,Y ])Z. A Hermitian manifold
has a J-invariant Ricci tensor if and only if
ρ(X,Y )− ρ∗(X,Y ) =
τ − κ
6
g(X,Y )
(see [M]). The function τ − κ is called the zero defect of (M, g, J). By D we denote
the nullity distribution of (M, g, J) defined by D = {X ∈ TM : ∇XJ = 0}. For
a Hermitian manifold it follows from (1.2) that D is J-invariant. Consequently
dimD = 2 in M if |∇J | 6= 0 in M . In the sequel we shall assume that ∇J 6= 0 on
the whole of M . By D⊥ we shall denote the orthogonal complement of D in M .
An almost Hermitian structure J¯ defined by J¯X = JX if X ∈ D⊥ and J¯X = −JX
if X ∈ D is called a natural opposite almost Hermitian structure. In the sequel we
shall study Hermitian surfaces (M, g, J) with ∇J 6= 0 on the whole of M , whose
natural opposite structure J¯ is Ka¨hler.
The curvature tensor R of a 4-dimensional manifold (M, g) determines an endo-
morphismR of the bundle ∧2M defined by g(R(X∧Y ), Z∧W ) = R(X∧Y, Z∧W ) =
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−R(X,Y, Z,W ) = −g(R(X,Y )Z,W ). The conformal scalar curvature κ is defined
by
(1.6) κ = τ − 6(|θ|2 + δθ).
We say that an almost Hermitian manifold (M, g, J) satisfies the second condition
(G2) of A. Gray if its curvature tensor R satisfies the condition
(G2) R(X,Y, Z,W )−R(JX, JY, Z,W ) = R(JX, Y, JZ,W ) +R(JX, Y, Z, JW ),
for all X,Y, Z,W ∈ X(M). We say that it satisfies the condition (G3) of A. Gray if
(G3) R(JX, JY, JZ, JW ) = R(X,Y, Z,W ),
for all X,Y, Z,W ∈ X(M). Let us define B = 12 (R − ∗R∗);W =
1
2 (R + ∗R∗)0 =
1
2 (R+ ∗R∗)−
τ
12Id;W
+ = 12 (W + ∗W );W
− = 12 (W − ∗W ). Then
R =
τ
12
Id+B +W+ +W−.
The tensor W is called the Weyl tensor and its components W+,W− are called
the self-dual and anti-self-dual Weyl tensors. The QCH Ka¨hler surface is a Ka¨hler
surface (M, g, J¯) with distribution D such that the holomorphic curvature K(pi) =
R(X, JX, JX,X) of any J-invariant 2-plane pi ⊂ TxM , whereX ∈ pi and g(X,X) =
1, depends only on the point x and the number |XD| =
√
g(XD, XD), where XD is
the orthogonal projection of X onto D. In this case we have
R(X, JX, JX,X) = φ(x, |XD|),
where φ(x, t) = a(x) + b(x)t2 + c(x)t4 and a, b, c are smooth functions on M . Also
R = aΠ + bΦ + cΨ for certain curvature tensors Π,Φ,Ψ ∈
⊗4
X
∗(M) of Ka¨hler
type. Every QCH Ka¨hler surface admit an opposite almost Hermitian structure J
which satisfies the second Gray condition. A QCH surface is semi-symmetric if J
satisfies the first Gray condition
(G1) R(JX, JY, Z,W ) = R(X,Y, Z,W )
or equivalently if τ − κ = 0, where κ is a conformal curvature of (M, g, J), since
R.R = τ−κ6 Π.R (see [J-1]). A foliation F on a Riemannian manifold (M, g) is called
conformal if for every V ∈ Γ(TF)
LV g = α(V )g
holds on TF⊥, where α is a one form vanishing on TF⊥ (see [J-3]).
2. Hermitian surfaces with Hermitian Ricci tensor. In the first part of
this paragraph we give lemmas A,B,C, D with proofs, which were first proved in [J-
4]. Note that for every manifold satisfying condition (G3) we haveR(LM) ⊂ ∧
+M ,
its Ricci tensor ρ is J-invariant and its ∗-Ricci tensor is symmetric. Indeed, since
R(j(X ∧ Y ), j(Z ∧W )) = R(X ∧ Y, Z ∧W ), where j(X ∧ Y ) = JX ∧ JY , we have
R( ker (j− id), ker (j+ id)) = 0. Since ker(j− id) = ∧−M ⊕RΩ and ker(j+ id) =
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LM , we get g(R(LM),∧−M ⊕RΩ) = 0. Consequently R(LM) ⊂ LM ⊂ ∧+M . In
fact, the condition R(LM) ⊂ ∧+M holds if and only if the Ricci tensor ρ of (M, g)
is J-invariant ( see [D] p.5 (i)) and an almost Hermitian 4-manifold (M, g, J) with
J-invariant Ricci tensor and symmetric *-Ricci tensor satisfies (G3).
Lemma A . Let (M, g, J) be a Hermitian 4-manifold. Let us assume that |∇J | 6=
0 on M . Then for any local orthonormal oriented basis {E1, E2} of D
⊥ there exists
a global oriented orthonormal basis {E3, E4} of D independent of the choice of
{E1, E2} such that
(2.1) ∇Ω = α(θ1 ⊗ Φ + θ2 ⊗Ψ),
where Φ = θ1 ∧ θ3 − θ2 ∧ θ4, Ψ = θ1 ∧ θ4 + θ2 ∧ θ3,α =
1
2
√
2
|∇J | and {θ1, θ2, θ3, θ4}
is a cobasis dual to {E1, E2, E3, E4}. Moreover δΩ = −2αθ3, θ = −αθ4.
Proof. Let {E1, E2} be any orthonormal basis of D
⊥, E2 = JE1 . Then (1.2)
holds, where a = αθ1. Let us choose any orthonormal basis {E
′
3, E
′
4 = JE
′
3} in D.
Let us define Φ′ = θ1 ∧ θ′3 − θ2 ∧ θ
′
4, Ψ
′ = θ1 ∧ θ′4 + θ2 ∧ θ
′
3. Then {Φ
′,Ψ′} is an
oriented orthonormal local basis in LM . Thus we have
Φ = cosφΦ′ − sinφΨ′, Ψ = sinφΦ′ + cosφΨ′.
for some local function φ. Then ∇Ω = α{θ1(cosφΦ
′ − sinφΨ′) + θ2(sinφΦ′ +
cosφΨ′)}. Let us define E3 = cosφE′3 − sinφE
′
4, E4 = sinφE
′
3 + cosφE
′
4. Then
{E3, E4} is the basis we were searching for. From (2.1) it is easy to get:δΩ =
−2αθ3, θ = −αθ4.♦
Any frame {E1, E2, E3, E4} constructed as above we shall call standard ( or
special).
The following Lemma is well known ( it means that for a Hermitian surface the
component W+3 of the positive Weyl tensor vanishes).
Lemma B . Let (M, g, J) be a Hermitian surface. Then for any local orthonor-
mal basis {Φ,Ψ} of LM we have R(Φ,Φ) = R(Ψ,Ψ) and R(Φ,Ψ) = 0.
It is known that a Hermitian manifold (M, g, J) satisfies the second condition of
Gray if and only if its Ricci tensor is J-invariant, it has symmetric ∗-Ricci tensor
and the componentW+3 of positive Weyl tensor vanishes (i.e.,RLM = aidLM , where
RLM = pLM ◦R|LM and pLM is the orthogonal projection pLM : ∧M → LM). It is
well known that any almost Hermitian manifold satisfying condition (G2) satisfies
the condition (G3) and that any Hermitian manifold satisfying (G3) satisfies (G2)
(i.e., for Hermitian manifolds these two conditions are equivalent).
Lemma C. Let (M, g, J) be a Hermitian surface with J-invariant Ricci tensor
(i.e., R(LM) ⊂ ∧+M). Let {E1, E2, E3, E4} be a local orthonormal frame such
that (2.1) holds. Then
Γ311 = Γ
3
22 = E3 lnα,(a)
Γ344 = Γ
4
21 = −Γ
4
12 = −E3 lnα,(b)
Γ321 = −Γ
3
12, Γ
4
11 = Γ
4
22,(c)
−Γ321 + Γ
4
22 = α,(d)
Γ433 = −E4 lnα+ α,(e)
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where ∇XEi =
∑
ω
j
i (X)Ej and Γ
i
kj = ω
i
j(Ek).
Proof. Note that Γikj = −Γ
j
ki. We have
g(∇E1JX, Y ) = αΦ(X,Y ), g(∇E2JX, Y ) = αΨ(X,Y )(2.2)
∇E3J = 0,∇E4J = 0.
Let us write p(X) = 12g(∇XΦ,Ψ) = ω
2
1(X) + ω
4
3(X). Then we have ∇XΩ =
αθ1(X)Φ + αθ2(X)Ψ,∇XΦ = −αθ1(X)Ω + p(X)Ψ,∇XΨ = −αθ2(X)Ω − p(X)Φ.
Consequently using (2.2) we get
g(R(E1, E3).JX, Y ) = −∇[E1,E3]Ω− E3αΦ− αp(E3)Ψ,(2.3a)
g(R(E1, E4).JX, Y ) = −∇[E1,E4]Ω− E4αΦ− αp(E4)Ψ,(2.3b)
g(R(E2, E3).JX, Y ) = −∇[E2,E3]Ω− E3αΨ + αp(E3)Φ,(2.3c)
g(R(E4, E2).JX, Y ) = −∇[E4,E2]Ω + E4αΨ − αp(E4)Φ,(2.3d)
g(R(E1, E2).JX, Y ) = −∇[E1,E2]Ω + (E1α− αp(E2))Ψ − (αp(E1) + E2α)Φ,
(2.3e)
where as usual R(X,Y ).J = ∇X(∇Y J) − ∇Y (∇XJ) − ∇[X,Y ]J . Recall that
R(X,Y ).J = R(X,Y ) ◦ J − J ◦ R(X,Y ), i.e., R(X,Y ) acts on the tensor J as
a derivation. Since R(LM) ⊂ ∧+M , it is clear that
g(R(E1, E3).JX, Y ) = g(R(E4, E2).JX, Y ),(2.4a)
g(R(E3, E2).JX, Y ) = g(R(E4, E1).JX, Y ).(2.4b)
Consequently we get from (2.3) and (2.4) using the condition R(LM) ⊂ ∧+M
1
2
R(Φ,Ψ) = −g(R(E1, E3).JE1, E3) = (E3α+ αθ1([E1, E3])) = E3α− αΓ
3
11,
(2.5a)
1
2
R(Φ,Ψ) = −g(R(E2, E3).JE3, E2) = −(E3α+ αθ2([E2, E3])) = −E3α+ αΓ
3
22,
(2.5b)
1
2
R(Φ,Φ) = −g(R(E4, E2).JE3, E2) = (E4α− αθ2([E4, E2])) = E4α− αΓ
4
22,
(2.5c)
1
2
R(Ψ,Ψ) = −g(R(E1, E4).JE1, E3) = −(−E4α− αθ1([E1, E4])) = E4α− αΓ
4
11.
(2.5d)
1
2
R(Φ,Ψ) = g(R(E1, E4).JE1, E4) = −(αp(E4) + αθ2([E1, E4])) = αΓ
3
44 − αΓ
2
14,
(2.5e)
1
2
R(Φ,Ψ) = −g(R(E4, E2).JE1, E3) = αp(E4) + αθ1([E4, E2])) = −αΓ
1
24 − αΓ
3
44,
(2.5f)
1
2
R(Φ,Φ) = g(R(E1, E3).JE1, E4) = −αθ2([E1, E3])− αp(E3) = −αΓ
2
13 − αΓ
4
33,
(2.5g)
1
2
R(Ψ,Ψ) = −g(R(E2, E3).JE1, E3) = αθ1([E2, E3])− αp(E3) = αΓ
1
23 − αΓ
4
33.
(2.5h)
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Note that for a Lee form θ of (M, g, J) we have θ = −αθ4. Let us write X = 2αE3.
Then dΩ = −2αθ4 ∧ Ω and
LXΩ = d(iXΩ) + iX(dΩ) = 2d(αθ4) = −2dθ.
Hence
LXΩ
2 = 2LXΩ ∧ Ω = −4dθ ∧ Ω.
Since dΩ = 2θ ∧ Ω, we have dθ ∧ Ω = 0. Thus LXΩ
2 = 0 and divX = 0. It means
that
(2.6) Γ311 + Γ
3
22 + Γ
3
44 = E3 lnα.
From Lemma B, (2.5) and (2.6) we get equations (a),(b),(c) of Lemma C. Since 2θ =
−δΩ◦J , we have∇J(E1, E1) = ∇J(E2, E2) = αE3;∇J(E3, E3) = ∇J(E4, E4) = 0.
Consequently we get equations
αE3 + J(∇E1E1) = ∇E1E2; αE3 + J(∇E2E2) = −∇E2E1.
Thus Γ312 + Γ
4
11 = α and −Γ
3
21 + Γ
4
22 = α and (d) follows. On the other hand
R(Φ,Φ) +R(Ψ,Ψ) = 4(E4α− αΓ
4
11) = 4(αΓ
1
23 − αΓ
4
33) and (e) follows. ♦
The first part of the next Lemma is well known (see [A-G-1]).
Lemma D. Let (M, g, J) be a Hermitian surface with J-invariant Ricci tensor.
Then Γ413 = −E2 lnα, Γ
4
23 = E1 lnα and dθ is anti-self-dual. In particular if M
is compact, then (M, g, J) is locally conformally Ka¨hler. In addition (M, g, J) is
l.c.K. if and only if E3α = 0, Γ
1
34 = E2 lnα, Γ
2
34 = −E1 lnα.
Proof. From [A-G-1] Th.2 it follows that Ω is an eigenform of W+. Let
{E1, E2, E3, E4} be the local special frame. From (2.3e) we obtain that an equation
R(Ω,Φ) = 0 is equivalent to −αθ2([E1, E2])− αp(E2) + E1α = 0. Analogously an
equation R(Ω,Ψ) = 0 is equivalent to −αθ1([E1, E2]) − (αp(E1) + E2α) = 0. We
get Γ413 = −E2 lnα, Γ
4
23 = E1 lnα after some easy computation. Note that
dθ4(E3, E4) = −θ4([E3, E4]) = E3 lnα,(2.7a)
dθ4(E1, E2) = −θ4([E1, E2]) = −Γ
4
12 + Γ
4
21 = −2E3 lnα,(2.7b)
dθ4(E1, E3) = −θ4([E1, E3]) = −Γ
4
13 + Γ
4
31,(2.7c)
dθ4(E2, E3) = −θ4([E2, E3]) = −Γ
4
23 + Γ
4
32.(2.7d)
We also have dθ = −dα ∧ θ4 − αdθ4. From (2.7) we get
(2.8) −dθ = −2E3αΩ¯ + (−αΓ
1
34 + E2α)Φ¯ + (−αΓ
4
32 + E1α)Ψ¯,
where Φ¯ = θ1∧θ3+θ2∧θ4, Ψ¯ = θ1∧θ4−θ2∧θ3. Consequently dθ is anti-self-dual.♦
If (M, g, J) is a Hermitian surface with |∇J | 6= 0 on M , then the distributions
D,D⊥ define a natural opposite almost Hermitian structure J¯ onM . This structure
is defined as follows J¯ |D = −J |D, J¯ |D⊥ = J |D⊥ . In the special basis we just have:
J¯E1 = E2, J¯E3 = −E4.
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Lemma E. Let (M, g, J) be a Hermitian 4-manifold with Hermitian Ricci tensor
and Ka¨hler natural opposite structure. Let us assume that |∇J | 6= 0 on M . Then
(a) D is a totally geodesic foliation,
(b)E3 lnα = 0
(c) ∇E4E4 = 0.
Proof. Let us choose a local orthonormal frame {E1, E2, .., E4} such that
(2.1) holds. Note that (we write ∇Xθi = ω
j
i (X)θj, Φ¯ = θ1 ∧ θ3 + θ2 ∧ θ4, Ψ¯ =
θ1 ∧ θ4 − θ2 ∧ θ3)
∇(θ1 ∧ θ2) =
1
2
{Φ(ω41 + ω
3
2) + Ψ(ω
1
3 + ω
4
2) + Φ¯(−ω
4
1 + ω
3
2) + Ψ¯(−ω
1
3 + ω
4
2)}.
Analogously
∇(θ3 ∧ θ4) =
1
2
{Φ(ω41 + ω
3
2) + Ψ(ω
1
3 + ω
4
2)− Φ¯(−ω
4
1 + ω
3
2)− Ψ¯(−ω
1
3 + ω
4
2)}.
Note that ∇Ω = a⊗ Φ + b⊗ Ψ and ∇Ω¯ = 0, where with our assumptions a = αθ1
and b = αθ2. On the other hand a = ω
4
1 + ω
3
2 , b = ω
1
3 + ω
4
2 and
(2.9) αθ1 = ω
4
1 + ω
3
2 , αθ2 = ω
1
3 + ω
4
2 ,
Hence 12αθ1 = ω
4
1 = ω
3
2 ,
1
2αθ2 = ω
1
3 = ω
4
2 .
Hence, if the opposite structure is Ka¨hler, then E3α = 0,Γ
3
11 = Γ
3
22 = Γ
3
44 =
Γ421 = Γ
4
12 = 0 and −Γ
3
21 = Γ
3
12 = Γ
4
11 = Γ
4
22 =
1
2α. We also have Γ
4
13 =
−E2 lnα,Γ
4
23 = E1 lnα.♦
Lemma F. Let (M, g, J) be a Hermitian 4-manifold with Hermitian Ricci ten-
sor and Ka¨hler natural opposite structure. Let us assume that |∇J | 6= 0 on M . If
(M, g, J¯) is a semi-symmetric surface foliated by Euclidean spaces, then E4 lnα =
1
2α. On the other hand if (Mg, J¯) is a QCH surface with Hermitian opposite struc-
ture J such that J¯ is a natural opposite structure for J and E4 lnα =
1
2α, then
(Mg, J¯) is semi-symmetric.
Proof. If (M, g, J¯) is a semi-symmetric surface foliated by Euclidean spaces,
then R(X,Y )E3 = R(X,Y )E4 = 0. In particular g(R(E1, E4)E4, E1) = 0. Note
that ∇E1E4 = −
1
2αE1 + E2 lnαE3,∇E4E1 = Γ
2
41E2. Note that ∇E4E4 = 0 since
D = span{E3, E4} is a totally geodesic foliation. We also have
−∇E4∇E1E4 =
1
2
E4αE1 +
1
2
αΓ241E2 − E4E2 lnαE3
and −∇[E1,E4]E4 = −
α2
4 E1+
α
2E2 lnαE3−E2 lnαΓ
3
34E3−Γ
2
41
α
2E2−Γ
2
41E1 lnαE3.
Since g(R(E1, E4)E4, E1) = 0, we obtain E4α =
α2
2 or E4 lnα =
1
2α. Note that it
follows also that Γ433 =
1
2α. Note that θ = −αθ4 is a Lee form of Hermitian structure
J . Now we have τ −κ = 6(|θ|2+ δθ), where τ is the scalar curvature of (M, g), and
κ is the conformal curvature of (M, g, J). Let us assume that E4 lnα =
1
2α. Then
Γ433 =
1
2α. We have divαE4 = tr{X → ∇X(αE4)} = E4α− αΓ
4
11 − αΓ
4
22 + αΓ
3
34 =
−α2. Hence δθ = −α2 = −|θ|2 and τ − κ = 0. Hence our QCH surface is semi-
symmetric (see [J-1]). ♦
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Let us assume that θ1 = fdx, θ2 = fdy. Then Γ
1
32 =
α
2 ,Γ
2
41 = 0. Then we have
[E1, E4] = −
α
2
E1 + E2 lnαE3,(2.10)
[E2, E4] = −
α
2
E2 − E1 lnαE3,
[E1, E3] = −E2 lnαE4,
[E2, E3] = E1 lnαE4,
[E3, E4] = −(−E4 lnα+ α)E3,
[E1, E2] = Γ
1
12E1 − Γ
2
21E2 + αE3.
We also have
dθ1 = Γ
2
11θ1 ∧ θ2 +
1
2
αθ1 ∧ θ4, dθ2 = −Γ
1
22θ1 ∧ θ2 +
1
2
αθ2 ∧ θ4,(2.11)
dθ3 = −αθ1 ∧ θ2 − E2 lnαθ1 ∧ θ4 + E1 lnαθ2 ∧ θ4 + (−E4 lnα+ α)θ3 ∧ θ4,
dθ4 = E2 lnαθ1 ∧ θ3 − E1 lnαθ2 ∧ θ3.
Lemma H. The two almost Hermitian structures J, J¯ on M , such that the (1, 0)
distribution of J is given by θ1 + iθ2 = 0, θ3 + iθ4 = 0 and the (1, 0) distribution of
J¯ by θ1 + iθ2 = 0, θ3 − iθ4 = 0, are integrable if equations (2.11) are satisfied. The
form dθ = −d(αθ4) is self-dual with respect to the orientation given by J¯ .
Proof. Note that θ1 + iθ2 = 0 if and only if dx+ idy = 0. On the other hand
dθ3 + idθ4 = −αθ1 ∧ θ2 − E2 lnαθ1 ∧ θ4 + E1 lnαθ2 ∧ θ4 + (−E4 lnα+ α)θ3 ∧ θ4+
iE2 lnαθ1 ∧ θ3 − iE1 lnαθ2 ∧ θ3 = −α(θ1 + iθ2) ∧ θ2 + E2 lnαθ1 ∧ (−θ4 + iθ3)
+E1 lnαθ2 ∧ (θ4 − iθ3) + (−E4 lnα+ α)θ3 ∧ θ4 = −α(θ1 + iθ2) ∧ θ2+
iE2 lnαθ1 ∧ (θ3 + iθ4)− iE1 lnαθ2 ∧ (θ3 + iθ4) + (−E4 lnα+ α)(θ3 + iθ4) ∧ θ4.
Analogously we obtain
dθ3 − idθ4 = −αθ1 ∧ θ2 − E2 lnαθ1 ∧ θ4 + E1 lnαθ2 ∧ θ4 + (−E4 lnα+ α)θ3 ∧ θ4−
iE2 lnαθ1 ∧ θ3 + iE1 lnαθ2 ∧ θ3 = −α(θ1 + iθ2) ∧ θ2 + E2 lnαθ1 ∧ (−θ4 − iθ3)
+E1 lnαθ2 ∧ (θ4 + iθ3) + (−E4 lnα+ α)θ3 ∧ θ4 = −α(θ1 + iθ2) ∧ θ2
−iE2 lnαθ1 ∧ (θ3 − iθ4) + iE1 lnαθ2 ∧ (θ3 − iθ4) + (−E4 lnα+ α)(θ3 − iθ4) ∧ θ4.
Note that d(αθ4) = dα ∧ θ4 + αdθ4 = E2αΦ¯ + E1αΨ¯, where Φ¯ = θ1 ∧ θ3 + θ2 ∧
θ4, Ψ¯ = θ1 ∧ θ4 − θ2 ∧ θ3.♦
Next we give examples of QCH Ka¨hler surface (see [J-1]) whose opposite almost
Hermitian structure is Hermitian and not locally conformally Ka¨hler.
Theorem 1. Let U ⊂ R2 and let gΣ = h
2(dx2 + dy2) be a Riemannian metric
on U , where h : U → R is a positive function h = h(x, y). Let ωΣ = h
2dx∧ dy be a
volume form of Σ = (U, g). Let M = U ×N , where N = {(z, t) ∈ R2 : z < 0}. Let
us define the metric g on M by g(X,Y ) = z2gΣ(X,Y )+θ3(X)θ3(Y )+θ4(X)θ4(Y ),
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where θ3 = −
z
2dt + (cos
1
2 tH(x, y) + zl2(x, y))dx + (− sin
1
2 tH(x, y) + zn2(x, y))dy
and θ4 = dz − sin
1
2 tH(x, y)dx − cos
1
2 tH(x, y)dy and the function H satisfies the
equation ∆ lnH = (lnH)xx + (lnH)yy = 2h
2 on U , l2 = −(lnH)y, n2 = (lnH)x.
Then (M, g) admits a Ka¨hler structure J¯ with the Ka¨hler form Ω¯ = z2ωΣ + θ4 ∧ θ3
and a Hermitian structure J with the Ka¨hler form Ω = z2ωΣ + θ3 ∧ θ4. The Ricci
tensor of (M, g) is J-invariant and J is not locally conformally Ka¨hler. The Lee
form of (M, g, J) is θ = −αθ4, where α = −
2
z
. The scalar curvature of (M, g) is
τ = − 2∆ lnh
z2h2
− 8
z2
and is equal to conformal curvature κ of (M, g, J). (M, g, Ω¯) is
a semi-symmetric QCH Ka¨hler surface.
Proof. Let us take a coordinate system such that E1 =
1
f
∂x + k∂z + l∂t, E2 =
1
f
∂y+m∂z+n∂t, E3 = α∂t, E4 = ∂z . Then θ1 = fdx, θ2 = fdy, θ4 = dz− (fk)dx−
(fm)dy, θ3 =
1
α
dt− ( 1
α
lf)dx− ( 1
α
nf)dy. Let α = − 2
z
. Then E4 lnα =
1
2α and
(2.12) E1 lnα = −
k
z
, E2 lnα = −
m
z
.
We have [E1, E4] =
fz
f2
∂x − kz∂z − lz∂t = −
α
2f ∂x −
α
2 k∂z −
α
2 l∂t − α
m
z
∂t. Hence
kz = −
k
z
, lz = −
l
z
− 2m
z2
, fz =
f
z
. This implies f = zh(x, y), k = k1(x,y,t)
z
. On the
other hand [E1, E3] = −αkt∂z − αlt∂t + kαz∂t =
m
z
∂z and
(2.13) lt = −
k
z
, 2kt = m.
This yields
(2.14) l =
2m
z
+
l1(x, y)
z
.
Similarly [E2, E3] = mαz∂t − αmt∂z − αnt∂t = −
k
z
∂z
2mt = −k, nt = −
m
z
.
Since [E2, E4] = −mz∂z − nz∂t +
fz
f2
∂y = −
α
2f ∂y −
1
2αm∂z −
1
2αn∂t +α
k
z
∂t, we get
mz = −
m
z
. Hence m = m1(x,y,t)
z
and
(2.15) n = −
2k
z
+
n1(x, y)
z
.
Let us take kf = sin 12 tH(x, y),mf = cos
1
2 tH(x, y), where f = zh(x, y) and θ1 ∧
θ2 = z
2h2dx ∧ dy. Then lf = 2
z
cos 12 tH(x, y) + 2l2(x, y), nf = −
2
z
sin 12 tH(x, y) +
2n2(x, y). Hence
θ3 = −
z
2
dt+ (cos
1
2
tH(x, y) + zl2(x, y))dx + (− sin
1
2
tH(x, y) + zn2(x, y))dy
and
θ4 = dz − sin
1
2
tH(x, y)dx − cos
1
2
tH(x, y)dy.
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Now we prove that dθ3 = −αθ1 ∧ θ2−E2 lnαθ1 ∧ θ4+E1 lnαθ2 ∧ θ4+
1
2αθ3 ∧ θ4
and dθ4 = E2 lnαθ1 ∧ θ3 − E1 lnαθ2 ∧ θ3 if l2 = −(lnH)y, n2 = (lnH)x, where
∆ lnH = 2h2.
In fact,
−αθ1 ∧ θ2−E2 lnαθ1 ∧ θ4+E1 lnαθ2 ∧ θ4+
1
2αθ3 ∧ θ4 = −αf
2dx∧ dy+ mf
z
dx∧
(dz− sin 12 tHdx− cos
1
2 tHdy)−
kf
z
dy∧ (dz− sin 12 tHdx− cos
1
2 tHdy)+
1
2α(−
z
2dt+
(cos 12 tH+zl2)dx+(− sin
1
2 tH+zn2)dy)∧ (dz− sin
1
2 tHdx−cos
1
2 tHdy) =
2f2
z
dx∧
dy− 1
z
cos2 12 tH
2dx∧dy+ 1
z
sin2 12 tH
2dy∧dx− 1
z
sin 12 tHdy∧dz+
1
z
cos 12 tHdx∧dz−
1
z
(− z2dt∧ dz+
z
2 sin
1
2 tHdt∧ dx+
z
2 cos
1
2 tHdt∧ dy+cos
1
2 tHdx∧ dz+ zl2dx∧ dz−
cos2 12 tH
2dx∧dy−zl2 cos
1
2 tHdx∧dy−sin
1
2 tHdy∧dz+zn2dy∧dz+sin
2 1
2 tH
2dy∧
dx−zn2 sin
1
2 tHdy∧dx) =
2f2
z
dx∧dy+ 12dt∧dz−
1
2 sin
1
2 tHdt∧dx−
1
2 cos
1
2 tHdt∧
dy − l2dx ∧ dz + l2 cos
1
2 tHdx ∧ dy − n2dy ∧ dz + n2 sin
1
2 tHdy ∧ dx.
On the other hand
dθ3 = −
1
2
dz ∧ dt−
1
2
sin
1
2
tHdt ∧ dx+ cos
1
2
tHydy ∧ dx+ l2dz ∧ dx
+zl2ydy ∧ dx −
1
2
cos
1
2
tHdt ∧ dy − sin
1
2
tHxdx ∧ dy + n2dz ∧ dy + zn2xdx ∧ dy.
It is clear that θ3 satisfies (2.11) if l2 = −(lnH)y, n2 = (lnH)x and ∆ lnH = 2h
2,
where ∆f = fxx + fyy, which means that d(l2dx+ n2dy) = 2ωΣ.
Now E2 lnαθ1∧θ3−E1 lnαθ2∧θ3 = −
cos 1
2
tH
z
dx∧ (− z2dt− sin
1
2 tHdy+zn2dy)+
sin 1
2
tH
z
dy ∧ (− z2dt+ cos
1
2 tHdx+ zl2dx) =
1
2 cos
1
2 tHdx ∧ dt− cos
1
2 tHn2dx ∧ dy −
1
2 sin
1
2 tHdy ∧ dt+ sin
1
2 tHl2dy ∧ dx.
On the other hand
dθ4 = −
1
2 cos
1
2 tHdt∧dx− sin
1
2 tHydy∧dx+
1
2 sin
1
2 tHdt∧dy− cos
1
2 tHxdx∧dy.
It is clear that θ4 satisfies (2.11) if l2 = −(lnH)y, n2 = (lnH)x.
Now we have dθ1 ∧ θ2 = d(z
2h2dx ∧ dy) = 2zdzh2dx ∧ dy = 2
z
dz ∧ θ1 ∧ θ2 =
−αθ4 ∧ θ1 ∧ θ2. From (2.11) it is also clear that d(θ3 ∧ θ4) = −αθ4 ∧ θ1 ∧ θ2. Hence
dΩ¯ = 0, where Ω¯(X,Y ) = g(J¯X, Y ), and Ω¯ = θ1 ∧ θ2 − θ3 ∧ θ4. Hence in view of
Lemma H (M, g, J¯) is a Ka¨hler surface and the Lee form of (M, g, J) is θ = −αθ4.
Now we show that ∂t is a real holomorphic vector field. Note that the opposite
Ka¨hler structure J¯ satisfies J¯∂z = α∂t, J¯∂t = −
1
α
∂z, J¯∂x = ∂y + fm∂z + fn∂t −
αfk∂t +
1
α
fl∂z, J¯∂y = −∂x − fk∂z − fl∂t − αfm∂t +
1
α
fn∂z. It is clear that
(L∂t J¯)∂z = (L∂t J¯)∂t = 0. We also have (L∂t J¯)∂x = fmt∂z + fnt∂t − αfkt∂t +
1
α
flt∂z = 0 and similarly (L∂t J¯)∂y = 0. Thus L∂t J¯ = 0 and X = ∂t + i
1
α
∂z is a
holomorphic vector field such that (dt− iαdz)(X) = 2. The form ψ = 12 (dt− iαdz)
satisfies ψ(X) = 1 and ψ(∂t − i
1
α
∂z) = 0. If Ψ is a holomorphic (1, 0) form such
that Ψ(X) = 1, then Ψ − ψ = 0mod{dx, dy}. If Ω¯ is a Ka¨hler form of Ka¨hler
manifold (M, J¯, g), then 12 Ω¯
2 = z2h2 1
α
dx ∧ dy ∧ dz ∧ dt. We also have i
2
4 (dx +
idy)∧ (dx + idy)∧Ψ∧Ψ = α4 dx∧dy ∧dz ∧dt. Hence the Ricci form of (M, g, J) is
ρ = − 12dd
c ln
z2h2 1
α
dx∧dy∧dz∧dt
α
4
dx∧dy∧dz∧dt = −
1
2dd
c lnh2− 12dd
c ln z4 = −ddc lnh−2ddc ln z =
−dJ¯d lnh − 2dJ¯d ln z = −d((ln h)xdy − (ln h)ydx) − 2d(−(lnH)ydx + lnHxdy) =
−∆ lnhdx ∧ dy − 2∆(lnH)dx ∧ dy. Consequently E1, E2, E3, E4 are eigenfields of
the Ricci tensor and E3, E4 corresponds to the eigenvalue 0. Since ρ = −(∆ lnh+
4h2)dx ∧ dy = −∆ lnh+4h
2
z2h2
z2h2dx ∧ dy, it follows that 12τ = −
∆lnh
z2h2
− 4
z2
.♦
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Now we give examples of non-semi-symmetric QCH surfaces with non l.c.K.
opposite Hermitian structure.
Theorem 2. Let U ⊂ R2 and let gΣ = h
2(dx2 + dy2) be a Riemannian metric
on U , where h : U → R is a positive function h = h(x, y). Let ωΣ = h
2dx ∧ dy
be a volume form of Σ = (U, g). Let M = U × N , where N = {(z, t) ∈ R2 :
0 < z < pi}. Let us define the metric g on M by g(X,Y ) = (cos 12z)
2gΣ(X,Y ) +
θ3(X)θ3(Y )+θ4(X)θ4(Y ), where θ3 = sin zdt−(cos t cos zH(x, y)+sin zl2(x, y))dx−
(− sin t cos zH(x, y)+sin zn2(x, y))dy, θ4 = dz−sin tH(x, y)dx−cos tH(x, y)dy and
the function H satisfies the equation ∆ lnH = (lnH)xx + (lnH)yy =
1
2h
2 −H2 on
U , l2 = −(lnH)y, n2 = (lnH)x. Then (M, g) admits a Ka¨hler structure J¯ with the
Ka¨hler form Ω¯ = (cos 12z)
2ωΣ+θ4∧θ3 and a Hermitian structure J with the Ka¨hler
form Ω = (cos 12z)
2ωΣ + θ3 ∧ θ4. The Ricci tensor of (M, g) is J-invariant and J
is not locally conformally Ka¨hler. The Lee form of (M, g, J) is θ = −αθ4, where
α = tan z2 .
Proof. Let us take a coordinate system such that E1 =
1
f
∂x + k∂z + l∂t, E2 =
1
f
∂y+m∂z+n∂t, E3 =
1
β
∂t, E4 = ∂z. Then θ1 = fdx, θ2 = fdy, θ4 = dz− (fk)dx−
(fm)dy, θ3 = βdt− (βlf)dx− (βnf)dy. Let α = tan
z
2 , β = sin z. Then
(2.16) E1 lnα =
k
sin z
, E2 lnα =
m
sin z
.
We have [E1, E4] =
fz
f2
∂x − kz∂z − lz∂t = −
α
2f ∂x −
α
2 k∂z −
α
2 l∂t +
m
sin2 z∂t. Hence
kz =
1
2 tan
1
2zk, lz =
1
2 tan
1
2zl−
m
sin2z
, fz = −
1
2 tan
1
2zf . This implies
f = cos
1
2
zh(x, y), k =
k1(x, y, t)
cos 12z
.
On the other hand [E1, E3] = −
1
β
(kt∂z + lt∂t)− k
βz
β2
∂t = −
m
sin z∂z and
(2.17) lt = −k cot z, kt = m.
This yields
(2.18) l = m cot z +
l1(x, y)
cos 12z
.
Similarly [E2, E3] = −m
βz
β2
∂t −
1
β
(mt∂z + nt∂t) = −
k
sin z∂z,
mt = −k, nt = −m cot z.
Since [E2, E4] = −mz∂z − nz∂y +
fz
f2
∂t = −
α
2f ∂y −
1
2αm∂z −
1
2αn∂t −
k
sin2 z∂t, we
get mz =
1
2 tan
1
2zm. Hence m =
m1(x,y,t)
cos 1
2
z
and
(2.19) n = −k cot z +
n1(x, y)
cos 12z
.
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Let us take kf = sin tH(x, y),mf = cos tH(x, y), where f = cos 12zh(x, y) and
θ1 ∧ θ2 = cos
1
2z
2h2dx ∧ dy. Then
lf = cot z cos tH(x, y) + l2(x, y), nf = − cot z sin tH(x, y) + n2(x, y).
Hence
θ3 = sin zdt− (cos t cos zH(x, y) + sin zl2(x, y))dx − (− sin t cos zH(x, y)
+ sin zn2(x, y))dy
and
θ4 = dz − sin tH(x, y)dx − cos tH(x, y)dy.
Now we prove that dθ3 = −αθ1∧θ2−E2 lnαθ1∧θ4+E1 lnαθ2∧θ4+(−E4 lnα+
α)θ3 ∧ θ4 and dθ4 = E2 lnαθ1 ∧ θ3 − E1 lnαθ2 ∧ θ3 if l2 = −(lnH)y, n2 = (lnH)x,
where ∆ lnH = −H2 + 12h
2.
In fact,
−αθ1 ∧ θ2 − E2 lnαθ1 ∧ θ4 + E1 lnαθ2 ∧ θ4 + (−E4 lnα+ α)θ3 ∧ θ4 =
− tan
1
2
zf2dx ∧ dy −
mf
sin z
dx ∧ (dz − sin tHdx− cos tHdy)
+
kf
sin z
dy ∧ (dz − sin tHdx− cos tHdy)−
cos z
sin z
(sin zdt− cos z cos tHdx
− sin zl2dx + sin t cos zHdy − sin zn2dy) ∧ (dz − sin tHdx− cos tHdy)
= −
1
2
sin zh2dx ∧ dy +
1
sin z
cos2 tH2dx ∧ dy −
1
sin z
sin2 tH2dy ∧ dx
+
sin tH
sin z
dy ∧ dz −
cos tH
sin z
dx ∧ dz −
cos z
sin z
(sin zdt ∧ dz
− sin z sin tHdt ∧ dx − sin z cos tHdt ∧ dy
− cos z cos tHdx ∧ dz − sin zl2dx ∧ dz + cos z cos
2 tH2dx ∧ dy+
sin zl2 cos tHdx ∧ dy + cos z sin tHdy ∧ dz
− sin zn2dy ∧ dz − cos z sin
2 tH2dy ∧ dx+ n2 sin z sin tHdy ∧ dx).
On the other hand
dθ3 = cos zdz ∧ dt+ sin z cos tHdz ∧ dx+ cos z sin tHdt ∧ dx−
cos z cos tHydy ∧ dx− l2 cos zdz ∧ dx− sin zl2ydy ∧ dx+ cos z cos tHdt ∧ dy
− sin t sin zHdz ∧ dy + sin t cos zHxdx ∧ dy − cos zn2dz ∧ dy − sin zn2xdx ∧ dy.
It is clear that θ3 satisfies (2.11) if l2 = −(lnH)y, n2 = (lnH)x and ∆ lnH =
1
2h
2 −H2, where ∆f = fxx + fyy.
Now E2 lnαθ1 ∧ θ3 − E1 lnαθ2 ∧ θ3 =
cos tH
sin z dx ∧ (sin zdt + sin t cos zHdy −
sin zn2dy) −
sin tH
sin z dy ∧ (sin zdt − cos z cos tHdx − sin zl2dx) = costHdx ∧ dt −
cos tHn2dx ∧ dy+
cos t sin t cos zH2
sin z dx ∧ dy − sin tHdy ∧ dt+
sin t cos t cos zH2
sin z dy ∧ dx+
sin tHl2dy ∧ dx..
On the other hand
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dθ4 = − cos tHdt ∧ dx− sin tHydy ∧ dx+ sin tHdt ∧ dy − cos tHxdx ∧ dy.
It is clear that θ4 satisfies (2.11) if l2 = −(lnH)y, n2 = (lnH)x.
Now we have dθ1 ∧ θ2 = d(cos
1
2z
2h2dx ∧ dy) = − sin 12z cos
1
2zdzh
2dx ∧ dy =
− tan 12zdz ∧ θ1 ∧ θ2 = −αθ4 ∧ θ1 ∧ θ2. From (2.11) it is also clear that dθ3 ∧ θ4 =
−αθ4∧θ1∧θ2. Hence dΩ¯ = 0, where Ω¯(X,Y ) = g(J¯X, Y ) and Ω¯ = θ1∧θ2−θ3∧θ4.
Hence in view of Lemma H (M, g, J¯) is a Ka¨hler surface and the Lee form of
(M, g, J) is θ = −αθ4.
Now we show that D = span{E3, E4} is a conformal foliation. Note that
the opposite Ka¨hler structure J¯ satisfies J¯∂z =
1
β
∂t, J¯∂t = −β∂z, J¯∂x = ∂y +
fm∂z+ fn∂t−
1
β
fk∂t+ βfl∂z, J¯∂y = −∂x− fk∂z− fl∂t−
1
β
fm∂t+ βfn∂z. Hence
(L∂t J¯)∂x, (L∂z J¯)∂x, (L∂t J¯)∂y, (L∂z J¯)∂y ∈ D, which means that LξJ¯(D
⊥) ⊂ D for
ξ ∈ Γ(D). Thus foliation D is conformal and since dθ− = 0, it follows from [J-3]
that (M, g, J¯) is a QCH Ka¨hler surface.♦
Theorem 3. Let U ⊂ R2 and let gΣ = h
2(dx2 + dy2) be a Riemannian metric
on U , where h : U → R is a positive function h = h(x, y). Let ωΣ = h
2dx ∧ dy be
a volume form of Σ = (U, g). Let M = U × N , where N = {(z, t) ∈ R2 : z < 0}.
Let us define the metric g on M by g(X,Y ) = (sinh 12z)
2gΣ(X,Y ) + θ3(X)θ3(Y ) +
θ4(X)θ4(Y ), where
θ3 = sinh zdt− (− sin t cosh zH(x, y) + sinh zl2(x, y))dx−
(cos t cosh zH(x, y) + sinh zn2(x, y))dy
and θ4 = dz − cos tH(x, y)dx − sin tH(x, y)dy and the function H satisfies the
equation ∆ lnH = (lnH)xx + (lnH)yy = (
1
2h
2 + H2) on U , l2 = (lnH)y, n2 =
−(lnH)x. Then (M, g) admits a Ka¨hler structure J¯ with the Ka¨hler form
Ω¯ = (sinh
1
2
z)2ωΣ + θ4 ∧ θ3
and a Hermitian structure J with the Ka¨hler form Ω = (sinh 12z)
2ωΣ+ θ3∧ θ4. The
Ricci tensor of (M, g) is J-invariant and J is not locally conformally Ka¨hler. The
Lee form of (M, g, J) is θ = −αθ4, where α = − coth
z
2 .
Proof. Let us now take a coordinate system such that E1 =
1
f
∂x+k∂z+ l∂t, E2 =
1
f
∂y+m∂z+n∂t, E3 =
1
β
∂t, E4 = ∂z. Then θ1 = fdx, θ2 = fdy, θ4 = dz− (fk)dx−
(fm)dy, θ3 = βdt− (βlf)dx− (βnf)dy. Let α = − coth
z
2 , β = sinh z. Then
(2.20) E1 lnα = −
k
sinh z
, E2 lnα = −
m
sinh z
.
We have [E1, E4] =
fz
f2
∂x − kz∂z − lz∂t = −
α
2f ∂x −
α
2 k∂z −
α
2 l∂t −
m
sinh2 z
∂t. Hence
kz = −
1
2 coth
1
2zk, lz = −
1
2 coth
1
2zl +
m
sinh2 z
, fz =
1
2 coth
1
2zf . This implies f =
sinh 12zh(x, y), k =
k1(x,y,t)
sinh 1
2
z
. On the other hand [E1, E3] = −
1
β
(kt∂z+lt∂t)−k
βz
β2
∂t =
m
sinh z∂z and
(2.21) lt = −k coth z, kt = −m.
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This yields
(2.22) l = −m coth z +
l1(x, y)
sinh 12z
.
Similarly [E2, E3] = −m
βz
β2
∂t −
1
β
(mt∂z + nt∂t) = −
k
sinh z∂z
mt = k, nt = −m coth z.
Since [E2, E4] = −mz∂z − nz∂t +
fz
f2
∂y = −
α
2f ∂y −
1
2αm∂z −
1
2αn∂t +
k
sinh2 z
∂t, we
get mz = −
1
2 coth
1
2zm. Hence m =
m1(x,y,t)
sinh 1
2
z
and
(2.23) n = k coth z +
n1(x, y)
sinh 12z
.
Let us take kf = cos tH(x, y),mf = sin tH(x, y), where f = sinh 12zh(x, y) and
θ1 ∧ θ2 = sinh
1
2z
2h2dx ∧ dy. Then
lfβ = − sin t cosh zH + sinh zl2(x, y), nfβ = cosh z cos tH(x, y) + sinh zn2(x, y).
Hence
θ3 = sinh zdt− (− sin t cosh zH(x, y) + sinh zl2(x, y))dx − (cos t cosh zH(x, y)
+ sinh zn2(x, y))dy
and
θ4 = dz − cos tH(x, y)dx− sin tH(x, y)dy.
Now we prove that dθ3 = −αθ1∧θ2−E2 lnαθ1∧θ4+E1 lnαθ2∧θ4+(−E4 lnα+
α)θ3 ∧ θ4 and dθ4 = E2 lnαθ1 ∧ θ3 − E1 lnαθ2 ∧ θ3 if l2 = −(lnH)y, n2 = (lnH)x,
where ∆ lnH = −(H2 + 12h
2).
In fact,
−αθ1 ∧ θ2 − E2 lnαθ1 ∧ θ4 + E1 lnαθ2 ∧ θ4 + (−E4 lnα+ α)θ3 ∧ θ4 =
coth
1
2
zf2dx ∧ dy +
mf
sinh z
dx ∧ (dz − sin tHdy)
−
kf
sinh z
dy ∧ (dz − cos tHdx) −
cosh z
sinh z
(sinh zdt+ cosh z sin tHdx
− sinh zl2dx− cos t cosh zHdy − sinh zn2)dy) ∧ (dz − cos tHdx− sin tHdy)
=
1
2
sinh zh2dx ∧ dy −
1
sinh z
sin2 tH2dx ∧ dy +
1
sinh z
cos2 tH2dy ∧ dx
−
cos tH
sinh z
dy ∧ dz +
sin tH
sinh z
dx ∧ dz −
cosh z
sinh z
(sinh zdt ∧ dz
− sinh z cos tHdt ∧ dx− sinh z sin tHdt ∧ dy
+cosh z sin tHdx ∧ dz − sinh zl2dx ∧ dz − cosh z sin
2 tH2dx ∧ dy+
sinh zl2 sin tHdx ∧ dy − cosh z cos tHdy ∧ dz
− sinh zn2dy ∧ dz + cosh z cos
2 tH2dy ∧ dx+ n2 sinh z cos tHdy ∧ dx).
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On the other hand
dθ3 = cosh zdz ∧ dt+ sinh z sin tHdz ∧ dx+ cosh z cos tHdt ∧ dx+
cosh z sin tHydy ∧ dx− l2 cosh zdz ∧ dx− sinh zl2ydy ∧ dx + cosh z sin tHdt ∧ dy
− cos t sinh zHdz ∧ dy − cos t cosh zHxdx ∧ dy − cosh zn2dz ∧ dy
− sinh zn2xdx ∧ dy.
It is clear that θ3 satisfies (2.11) if l2 = (lnH)y, n2 = −(lnH)x and ∆ lnH =
(12h
2 +H2), where ∆f = fxx + fyy.
Now E2 lnαθ1 ∧ θ3 − E1 lnαθ2 ∧ θ3 = −
sin tH
sinh z dx ∧ (sinh zdt− cos t cosh zHdy −
sinh zn2dy)+
cos tH
sinh z dy∧ (sinh zdt+cosh z sin tHdx− sinh zl2dx) = −sintHdx∧dt+
sin tHn2dx∧dy+
cos t sin t cosh zH2
sinh z dx∧dy+cos tHdy∧dt+
sin t cos t cosh zH2
sinh z dy∧dx−
cos tHl2dy∧dx = −sintHdx∧dt+sin tHn2dx∧dy+cos tHdy∧dt−cos tHl2dy∧dx.
On the other hand
dθ4 = sin tHdt ∧ dx− cos tHydy ∧ dx− cos tHdt ∧ dy − sin tHxdx ∧ dy.
It is clear that θ4 satisfies (2.11) if l2 = (lnH)y, n2 = −(lnH)x.
Now we have dθ1 ∧ θ2 = d(sinh
1
2z
2h2dx ∧ dy) = sinh 12z cosh
1
2zdzh
2dx ∧ dy =
−(− coth 12z)dz∧θ1∧θ2 = −αθ4∧θ1∧θ2. From (2.11) it is also clear that dθ3∧θ4 =
−αθ4∧θ1∧θ2. Hence dΩ¯ = 0, where Ω¯(X,Y ) = g(J¯X, Y ) and Ω¯ = θ1∧θ2−θ3∧θ4.
Hence in view of Lemma H (M, g, J¯) is a Ka¨hler surface and the Lee form of
(M, g, J) is θ = −αθ4. As above one can show that (M, g, J¯) is a QCH Ka¨hler
surface.♦
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